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Abstract

We show how to construct a tensor network representation of the path integral for reduced stag-
gered fermions coupled to a non-abelian gauge field in two dimensions. The resulting formulation
is both memory and computation efficient because reduced staggered fermions can be represented
in terms of a minimal number of tensor indices while the gauge sector can be approximated using
Gaussian quadrature with a truncation. Numerical results obtained using the Grassmann TRG
algorithm are shown for the case of SU(2) lattice gauge theory and compared to Monte Carlo

results.
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Before we discuss Tensor networks ...

Discretizing gauge theories on a spacetime lattice allows for powerful numerical
simulations using MCMC methods.
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Despite the great success, infamous sign problem restricts its usage in certain
coupling regimes.
Last JC talk by Sayak
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arXiv:2108.12423 [hep-lat]
Nagata

Sign Problem

Say S, S, be two action values corresponding to two configurations C;, C,

If S,S, € R,we can comment on which is bigger ¢, ¢

If S;,S, € C,can we comment on which is bigger ? ¢, ¢~

Which contribute to path integral more ?
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Sign Problem

Effective Action
S = / dr (‘%Mcp + B0+ TW(8) + [W'((/))]Q)
S = Sp — log(det(M))

Z = / DyDYDip e >B°F

QCD at finite chemical potential

Integrating out fermions

.
Z = / D¢ det(M) e B
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Credit: Olivier Ezratty
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D:*:\WaUR
The Quantum Computing Company™

Alternatives

Quantum

number of qubits

Why Quantum Computation - Real time simulations
with MC or classical simulation methods challenging

rigett

QUbit based approaCh highly used at the mOment tO " 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024 2025
study Lattice gauge theories using QC

How many qubits do we need to simulate even a sub parameter space of QCD ?

How long will it take to reach a sufficient number ?
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Alternatives

Classical

» Phase quenched Monte Carlo
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» Complex Langevin
> Lefschetz Thimble

P Tensor Networks

Interested in

Numerical Bootstrap ?
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arXiv:2010.00539 [hep-lat]

Meurice, Sakai, Unmuth-Yockey

Tensor Networks

@® Tool to represent wave functions of quantum many body systems.
@® Partition functions of target models can be visualized as an assembly obtained:
- by “wiring” together objects carrying multiple “legs”

- attached to the sites, links or plaquettes of a Euclidean space-time lattice

https;/www.tensors.net/ — Introduction
https:/tensornetwork.org/trg/ — TRG (focus of the day)
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https://www.tensors.net/
https://tensornetwork.org/trg/

https;/www.tensors.net/

Tensor Networks
y [ r o
1 B11 Bin Cr" R
A= AZ B= E E Czl 111 1En1 2 3|
Am Bml an lel Cmn1_|

Tensor representation
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https://www.tensors.net/

https;/www.tensors.net/
Tensor Networks

Contraction of Tensors

0
Cik = 2 A;;iBjj Dijx = Z A1imBiin Cnmk

Imn
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https://www.tensors.net/

Tensor Networks

For 1+1 dimensional models various tensor network approaches have been used

MPS DMRG TRG

Scalability ?

11
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TRG

Renormalization Group: Systematic investigation of changes of physical system as
viewed at different scales.

In simpler terms: Replacing the elementary degrees of freedom by new averaged

variables at larger scales.

Performing the same procedure to compute partition function by recursive blocking

of tensors — TRG

12
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arXiv:cond-mat/0611687 [cond-mat.stat-mech]

Levin, Nave

How to write partition function using tensor network algorithms ?

. n/ Then weight of the configuration
p .
TNT T/m iS given by:

qTA ! \1

—S(2,7,k,...) __
€ (4,9 ) — TijkTilmTjinqu---

Honeycomb Lattice with

.. 3
L, ], k — 1929 oD Navdeep Singh Dhindsa 15/02/2024


https://arxiv.org/abs/cond-mat/0611687

% arXivicond-mat/0611687 [cond-mat.stat-mech]

YA 4 _\1 ‘ I \RG Levin, Nave
’€A\\\\\\\

How to write partition function using tensor network algorithms ?

Then weight of the configuration
Partition function is obtained by taking welg su

the product of all the tensors, is given by:

contracting the pairs of indices on each bond. —S(i,7,k,...
5 b € (4,9 ) = Tz’jkTilmTjinqu---

—S(i,5.k,...) _
[ = Z € (4.7 ) — Z TijkTilmTjinqun-
17k... 17k...

Partition Function

14
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https://arxiv.org/abs/cond-mat/0611687

arXivicond-mat/0611687 [cond-mat.stat-mech]

Levin, Nave

Each iteration consists of two steps

> Approximate (involving SVD)

> Exact (Contraction)

, — . .
Tijk — E :SkpqSquSzrp
pqr
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https://arxiv.org/abs/cond-mat/0611687

arXivicond-mat/0611687 [cond-mat.stat-mech]

‘ I ‘RG Levin, Nave

Why ?

D?*x D? (TIT) - D?*x D (S)

Find a matrix Mst. M =S.S!

which is not straightforward as we are comparing matrices with rank D? and D
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https://arxiv.org/abs/cond-mat/0611687

arXivicond-mat/0611687 [cond-mat.stat-mech]

AN g ‘ I ‘RG Levin, Nave

> Approximate (involving SVD)

Find a matrixMst. M = S.S!

which is not straightforward as we are comparing matrices with rank D? and D

Mlz',jk — 2 : SnUlz ) k n
J .
\ Truncate U and V upto maximum

D singular values

A
Sl’i’n, vV SnUl’L Ne% gkn V Sn jk m
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https://arxiv.org/abs/cond-mat/0611687

Credit: Vamika

TRG

Marienplatz
Plaza in Munich, Germany
3825 x 4861 real matrix
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arXivicond-mat/0611687 [cond-mat.stat-mech]

Levin, Nave

(

\
/
\
/'-!

, — . .
Liji = Z SkpgSjqrOirp
pqr
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https://arxiv.org/abs/cond-mat/0611687

TRG

> Iteratively proceed in same manner
In this honeycomb example lattice points decreased by a factor of 3
> At last we are down to a single tensor

> Partition function is trace of this tensor

Scalability of this method - difficult though there exists other versions such as HOTRG

20
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

%9 = —§ %:Tr [U”‘Uw“’?U;Jré,lUg’?] (Wilson Action \ . \
) ’ Partition
Se = —g %:“Zz:lpw+ﬂpx Tr [almUw,uaw] iGauge—Matter term \ \ runction )
7 - / D[U]D|p| Djaje~S+—5+—V
V = ; Pz + Apz — 1)° iPotential termj
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

Partition function in terms of character functions

. @zww a0l
[(XTrV]) =) F.(X)x"(V
( [ ]) rgo (X)x" (V) —HZF w1U+12U:Z+21U )
X (Uﬂ? 1U r+1 2U31;+2 1U;f 2)
x (U UxU3...U,) = D! (U UxU;3...Up,) = D}y (Us1) Dye(Uy11.2) Doy (U, 15 )DZL(Ua:,z)
= DL(U0)Dj(U2) - Dia(Un) = Dy (Us ) DU 1) D (Ur 1) DU )
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

> In 2d, two plaquettes associated with single link
> Another additional variable from gauge-matter term

> Three matrices associated with each link

Z /dUDglnl (U)D:Tgnz (U)Dgn(U)

nN=——o

- Integral over each link has form

— Z icﬂ'zfm C’f'zm2

d rrmion T rinion’
n=—ag 2
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

7 '
---------------------------- .r----

MalTaMar

Miq J K Myq
T Ty

My TpMpr

MalTaMar

------------*-------

:

MpTpMpy
Tensor on Plaquette

Tensors on link
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

A=LLY

MalTaMar

mpTpMpy

Matrix Factorization

25
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

MalTaMar

MpTpMpy
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Bazavov, Catterall, Jha, Unmuth-Yockey arXiv:1901.11443 [hep-lat]

Non-Abelian Higgs Model in 2d

1.75 7
< e N.=4
4 s
1.50-::::‘t#‘l#“< < m No=
x*
2125 A ¢ ‘. ) A Ns=16
< : . . - o Ng=32
ug 1.00 AA & * < * N;=064
<
I A " ** <] 4 N5=128
—~ 0.75 - n AA ¢ « <
\U:I/ ] AA ’. +r
o ol 4 a .0 * e
0.50 - A s, L N =
.. [—Il:[__]:‘ AAAA”
e "Sssunaail
0.25 "Oooooooooooo
0.0 0.5 1.0 1.5 2.0
K

Mass gap density as function of k as continuum limit is taken
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Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

Naive discretisation — Fermion Doubling

Staggered fermions — Does not erase the extra fermion copies completely
but reduces the number

Since both spinor (not with staggered) and color index is involved with fermions - more tensor
legs

O Computationally challenging

28
Navdeep Singh Dhindsa 15/02/2024



Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

Non-Abelian Gauge Theory Coupled to
Reduced Staggered Fermions

_ ., i,
SF [U] — Z m'&n"pn -+ Z 77?;,# (&nUn,uwn-l-ﬂ o lﬁanf;,wn) '
_ p=1 B

z U] = [ DDy [[ e

2 1
= [ Diy TTII 3 (-miwn)”
n a=1s2=0

2 1 ab 1 ab

13 (grminta) ™ 3 (5 natiied)

a,b:]- xn,lzo Ty 2=0
1 ab 1 ab
t t
. _ Thn,2 ,(Za Uab wb n,1 Tn,2 ,(;a Uba*wb n,2
tn,lzo tn,2:O
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y"*@imm "’% Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

X W( ! Non-Abelian Gauge Theory Coupled to
Reduced Staggered Fermions
®y,y

@® Color index
We are not even considering the bond

® Hopping index
ppIng dimension from gauge sector as yet

22)(2)(2

Bond dimension = 256 with each fermion link

30
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Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

Non-Abelian Gauge Theory Coupled to
Reduced Staggered Fermions

Solution the paper provides is reduced staggered fermions

Place  and y on odd and even sites respectively

2

U = (1—€,)0, /2 SelU]=Y" 1 777;# STUs b

n u=

U — (1+€,)n /2

Bond dimension reduced to 2% = 16
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B2 'f@% Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

% % Non-Abelian Gauge Theory Coupled to

Reduced Staggered Fermions

Proceeded with character expansion

Instead of using HOSVD for plaquette tensor they used HOOI
Advantage both in terms of memory and CPU

Process is to obtain a tensor with bond dimension less than original tensor

32
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Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

Non-Abelian Gauge Theory Coupled to
Reduced Staggered Fermions
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average plaquette
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Asaduzzaman, Catterall, Meurice, Toga, Sakai arXiv:2312.16167 [hep-lat]

GTRG; (bond dim.)=64
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Non-Abelian Gauge Theory Coupled to
Reduced Staggered Fermions
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THANK YOU
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